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Temperature of a trapped unitary Fermi gas at nite entropy
Hui Hu, Xia-Ji Liu, and Peter D. Drummond
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e for Quantum-Atom Optis, Department of Physis,
University of Queensland, Brisbane, QLD 4072, Australia
(Dated: 26th September 2018)
We present theoretial preditions for the equation of state of a harmonially-trapped Fermi gas
in the unitary limit. Our alulations ompare Monte-Carlo results with the equation of state
of a uniform gas using three distint perturbation shemes. We show that in experiments the
temperature an be usefully alibrated by making use of the entropy, whih is invariant during an
adiabati onversion into the weakly-interating limit of moleular BEC. We predit the entropy
dependene of the equation of state.
PACS numbers: 03.75.Hh, 03.75.Ss, 05.30.Fk
I. INTRODUCTION
The past two years have witnessed many exiting de-
velopments in experiments on dilute Fermi gases of ul-
traold
6
Li and
40
K atoms [1, 2, 3, 4, 5, 6, 7, 8℄. In these
systems the interation strength between atoms, repre-
sented dimensionlessly as kF a, where kF is the Fermi
wave-vetor and a is s-wave sattering length, an be
varied arbitrarily via a Feshbah resonane. One an
therefore aess the strongly interating regime of −1 <
1/kFa < 1, where a smooth rossover from a Bardeen-
Cooper-Shrieer (BCS) superuidity to a Bose-Einstein
ondensate (BEC) ours. Of partiular interest is the
unitary limit with negligible interation range and diver-
gent sattering length (kF a ≃ ∞), in whih a universal
behavior is expeted [9, 10℄. This remarkable feature
renders the unitary Fermi gas an intriguing many-body
system.
Evidene for the onset of fermioni superuidity at the
BCS-BEC rossover has been found in several ground-
breaking experiments. These have measured onden-
sate formation [1℄, density [2℄ and momentum distribu-
tions [4℄, olletive exitations [5℄, RF spetrosopy [6℄,
and vorties [7℄. A thermodynami measurement of the
heat apaity of
6
Li atoms has also been performed very
lose to the unitary limit [8℄, showing an abrupt jump
at an estimated temperature of about 0.27TF , where TF
is the Fermi temperature. However, there is no model-
independent method to measure the temperature of a
strongly attrative, deeply degenerate Fermi gas. In ex-
periments the gas is haraterized indiretly by an empir-
ial temperature (or thermometry) obtained by tting in-
tegrated one-dimensional (1D) density proles to an ideal
Thomas-Fermi (TF) distribution [8℄. For these isolated
systems, the entropy is a more readily measurable than
the temperature. The goal of this work is to predit the
equation of state in terms of measurable quantities like
the entropy.
In ontrast to these rapid experimental advantages,
theoretial progress on the rossover is quite limited
[11, 12, 13, 14, 15, 16, 17, 18, 19℄. In the strongly
orrelated unitary limit, it is extremely diult to on-
strut a quantitative theory in terms of a well-dened
small parameter, espeially at nite temperature. There-
fore, urrent theoretial understanding of experimental
data relies heavily on the simplest BCS mean eld pi-
ture [8, 20, 21℄. In partiular, the heat apaity mea-
surement has been explained by a rossover theory [8℄,
where a BCS-like ground state is generalized to aom-
modate thermal bosoni degrees of freedom in the long
wavelength limit [22℄.
In the unitary limit of a Fermi gas there are strong
pair utuations in the T-matrix approximation beyond
the mean-eld level. These must be inluded to predit
the energy as a funtion of entropy in the unitary regime.
The entropy in turn is a funtion of more readily mea-
sured temperatures in well-understood weakly interat-
ing regimes, whih are aessible via adiabati hanges
in the oupling onstant. The ombination of measured
temperatures of moleular BEC together with the state-
equation, also allows one to estimate the orresponding
strongly-interating temperatures. While entropy invari-
ane under adiabati passage is well-understood, the ru-
ial step here is to obtain a reliable state-equation be-
low threshold that overs the entire range from weak to
strong interations.
Without a ontrollable small parameter in the unitary
regime, the determination of the equation of state is by
no means a trivial task. In general, there are a number
of alternative T-matrix shemes that an be implemented
to takle the rossover problem, and there is no a priori
judgement of whih one is the most aurate. In this re-
gard, it is of partiular relevane that Monte Carlo simu-
lations have been performed in the unitary limit at nite
temperature [23℄, whih present useful benhmarks on
the validity of dierent approximations. Here we present
a omparative study of the equation of state of a uniform
gas using three andidate T-matrix shemes, and show
that, apart from a small region around the transition
temperature, a below threshold version of the Nozières
and Shmitt-Rink (NSR) sheme seems to be the opti-
mal hoie for the alulations [13℄ of the type required
for thermometry. We then inorporate the eet of an
harmoni trap using a loal density approximation that
holds for large partile number.
We haraterize the entropy and temperature of the
2strongly interating system by an isentropi sweep to the
weakly interating moleular BEC regime, and a onse-
quent determination [2, 6, 24℄ of the entropy S from the
nal temperature T ′. The T ′ dependene of the equa-
tion of state is predited. Alternatively, we an view
this as a predited equation of state in terms of the
entropy, whih an be readily ompared to ompletely
model-independent experimental observations of quanti-
ties like the system energy as a funtion of entropy.
The manusript is organized suh that the equation of
state of a uniform unitary Fermi gas is rst determined
by omparing three dierent perturbation shemes, and
then used to alulate the equation of state of a trapped
Fermi gas within loal density approximation. In turn
the resulting unitary entropy is used to math the en-
tropy of a weakly interating Bose gas to obtain the de-
sired isentropi thermometry. Finally, a summary and
onlusions are given.
II. EQUATION OF STATE OF HOMOGENEOUS
UNITARY GASES
To desribe a gas of
6
Li atoms at a broad Feshbah
resonane B0 = 834 G, we adopt a single-hannel model
[25, 26℄, in whih the attrative interatomi intera-
tion is haraterized by a ontat potential of strength
U = 4pi~2a/m. In the normal state above the superuid
transition temperature Tc, the model an be treated per-
turbatively with the inlusions of strong pair utuations
in the many-body T-matrix approximation [22℄, whih
leads to a two-partile propagator χ (q, iνn) given by
χ (q, iνn) =
1
β
∑
k,iωm
Ga (k, iωm)Gb (q− k, iνn − iωm) ,
(1)
and a orresponding self-energy of form,
Σ (k, iωm) =
1
β
∑
q,iνn
U
1 + Uχ (q, iνn)
Gc (q− k, iνn − iωm) .
(2)
where ωm ≡ (2m+ 1)pi/β and νn ≡ 2npi/β are, as
usual, the fermioni and bosoni Matsubara frequen-
ies with inverse temperature β = 1/kBT . The super-
sript a, b, and c in the above two equations an be
set to 0, indiating a non-interating Green funtion
G0 (k, iωm) = 1/[iωm−~
2k2/2m+µ]. If this supersript
is absent, we refer to a fully dressed (interating) Green
funtion, and thereby a Dyson equation, G (k, iωm) =
G0 (k, iωm) /[1 − G0 (k, iωm)Σ (k, iωm)], is required to
self-onsistently determine G and Σ. The only free pa-
rameter is the hemial potential µ, whih is xed by
using the number equation n = 2/β
∑
k,iωm
G (k, iωm).
Aording to the dierent ombination of subsripts of
a, b, and c, on general grounds we may expet three ob-
vious hoies of the T-matrix approximation, for whih
a nomenlature of (GaGb)Gc will be used. These al-
ternative hoies distinguish themselves by the level of
self-onsisteny ontained in the Green funtion.
The simplest hoie, (G0G0)G0, was proposed in a
seminal paper [13℄ by NSR, although these authors ap-
proximated the Dyson equation using a leading order
series, i.e., G = G0 + G0ΣG0. This fully non-self-
onsistent sheme inludes the least Feynman diagrams.
In the other extreme limit, one an onsider a fully self-
onsistent T-matrix approximation of (GG)G, whih is a
so-alled onserving approximation [15℄. An alternative
intermediate sheme is to use an asymmetri form for
the two-partile propagator, i.e., (GG0)G0 [22℄. These
andidate versions of T-matrix approximation have been
extensively disussed for the attrative Hubbard model in
the ontext of high-Tc superondutors. The appliabil-
ity of these theories to the single-hannel model is under
ative debate, due to the omplexity of numerial al-
ulations. In this work, we have resolved the numerial
diulties by using a tehnique of adaptive step Fourier
transformations [15, 26℄, without additional approxima-
tion.
The situation in the broken-symmetry state is more
subtle. Below Tc, the denominator in Eq. (2) develops
a pole that signals the emergene of superuid phases.
To remove the instability, one may extend the dierent
T-matrix approahes by using a BCS mean-eld ground
state as the starting point for a perturbation theory. For
the(G0G0)G0 sheme, this strategy has been reently
adopted and investigated in depth by Strinati et al. [16℄
and by the present authors [17℄. The advantage of the
latter study is that a modied number equation was em-
ployed to obtain an (approximately) orret moleular
sattering length, whih therefore makes the theory quan-
titatively reliable over the entire rossover regime [17℄.
The other alternative versions of (GG0)G0 and (GG)G
along this line have not been explored yet. However, on
physial grounds, below Tc one may expet only a slight
dierene among these shemes, as the ground state is
well stabilized by the mean-eld gap.
Figure (1) presents a omparative study of these an-
didate T-matrix approahes for a uniform unitary gas at
nite temperature. In the superuid state, we use the
NSR-like formalism implemented in Ref. [17℄. The al-
ulated hemial potentials of the gas are ompared with
a reent Monte Carlo simulation from Ref. [23℄. Just
above the transition temperature Tc ∼ 0.2T
0
F , all approx-
imations appear poor, with errors of around ±10%. In
partiular, the NSR approah suers from an unphysial
drop with dereasing temperature, whih should be due
to the lak of self-onsisteny in the two-partile prop-
agator. At high temperatures above 0.35T 0F , the NSR
result turns out to be very aurate. This observation,
together with the exellent agreement between the NSR
predition and Monte Carlo data below Tc, suggest that
the fully non-self-onsistent NSR sheme is generally a-
urate, apart from the regime just above Tc. The spuri-
ous struture about Tc in this sheme might be avoided
by a phenomenologial interpolation between the results
at Tc and at a high temperature ∼ 0.4T
0
F . The outomes
30.0 0.2 0.4 0.6 0.8
-0.2
0.0
0.2
0.4
0.6
0.8
 
 Bulgac et al.
 our NSR
 NSR above T
c
 (GG
0
)G
0
 above T
c
 (GG)G  above T
c
T/TF
0
 
 
ho
m
 / 
F
BCS mean-field
Figure 1: (olor online) Chemial potential of a uniform Fermi
gas in the unitary limit as a funtion of temperature, in units
of Fermi energy ǫF = ~
2k2F /2m = kBT
0
F . Lines plotted are:
our proposed results (solid lines); NSR (G0G0)G0 preditions
in Ref. [13, 14℄ (dashed line); asymmetri (GG0)G0 sheme
(dotted line); fully self-onsistent (GG)G sheme (dot-dashed
line). All these results are ontrasted to the Monte Carlo data
from Ref. [23℄ (open irles).
with this idea have been denoted in the gure by solid
lines, and referred to later as our NSR results. From
this, we are able to alulate the energy and entropy.
We emphasize that the equation of state obtained in
this manner is ertainly not ab initio, but it should be
quantitatively valid, provided the Monte Carlo simula-
tion data are aurate. More reliable Monte Carlo simu-
lations with larger latties may hange these onlusions
slightly in future, espeially in the viinity of Tc, where al-
ready there are reports of small disrepanies between the
simulations arried out with dierent latties and algo-
rithms. The important issue here is that while there are
disrepanies above Tc whih make it diult to deide
whih approximation is better, the below Tc region whih
is ruial for nite entropy thermometry methods, shows
exellent agreement between Monte-Carlo data and our
(G0G0)G0 sheme.
We lose this setion by listing in Table I the predi-
tions for the superuid transition temperature that were
obtained by the various models we have disussed. The
hemial potential, the total energy and the entropy at
the transition temperature are also outlined.
III. EQUATION OF STATE OF TRAPPED
UNITARY GASES
With the knowledge of equation of state of a uniform
gas, we inorporate the eets of harmoni traps by us-
ing the loal density approximation, whih amounts to
determining the global hemial potential from the loal
Methods Tc/T
0
F µ(Tc)/ǫF E(Tc)/(NǫF ) S(Tc)/(NkB)
BCS-MF 0.50 0.743 1.022 1.92
(G0G0)G0 0.225 0.340 0.290 0.64
(GG0)G0 0.178 0.508 N.A. N.A.
(GG)G 0.150 0.404 N.A. N.A.
our NSR 0.225 0.459 0.400 0.91
Monte Carlo 0.23(2) 0.45 0.41 0.99
Table I: The superuid ritial temperature for a homoge-
neous unitary Fermi gas obtained by various methods. The
hemial potential, total energy, and entropy at the riti-
al temperature are also listed. We note that all the meth-
ods, exept the (GG0)G0 sheme, satisfy an exat identity
P = 2/3E that holds in the unitary limit, where P = −Ω =
−(E − TS − µN) is the pressure of the gas. The energy and
entropy for the (GG0)G0 and (GG)G approximations are not
available.
equilibrium ondition,
µ = µhom
[
n(r),
T
TF
TF
T 0F (r)
]
+
mω2r
2
(
r2 + λ2z2
)
, (3)
with a density n(r) normalized to the total number of
atoms,
∫
n (r) dr = N . Here µhom is our proposed NSR
hemial potential of a uniform gas in Fig. (1), and
ωx = ωy = ωr and ωz = λωr are dierent frequenies
for three axis. In this ase, the energy and tempera-
ture an be taken in units of the (non-interating) Fermi
energy EF = (3Nωxωyωz)
1/3
and TF = EF /kB, respe-
tively. One n(r) are obtained, the energy and the en-
tropy of the gas an then be alulated straightforwardly,
using E =
∫
n (r)Ehomdr and S =
∫
n (r)Shomdr, with
our proposed equation of state of a homogeneous gas,
Ehom
[
n(r), T/T 0F (r)
]
and Shom
[
n(r), T/T 0F (r)
]
.
The temperature dependene of the energy and the
spei heat of a trapped unitary gas are given in g-
ures (2) and (3), and are ompared to the experimental
data obtained by Kinast et al. in the viinity of unitary
limit (1/kFa ≃ −0.03) [8℄. It is worth noting that these
experimental data are not ompletely raw, sine the mea-
sured empirial temperature requires a model-dependent
theoretial realibration [29℄.
Our results agree qualitatively with experimental data.
In partiular, our preditions for the spei heat show
an apparent superuid transition at about Tc ≃ 0.26TF ,
in exellent agreement with the experimental ndings
[30℄. The peak struture resembles the λ transition for a
BEC. The behavior of spei heat of a unitary Fermi gas
thereby lies between that of ideal Fermi gases and that
of BECs. The value of both theoretial and experimen-
tal Tc need further renement, as the detailed equation
of state of a uniform gas around the transition temper-
ature is blurred by the semi-empirial interpolation, and
the experimental temperatures are not known aurately.
Another notieable feature of our result is that it devi-
ates greatly from the non-interating Fermi gas behavior
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Figure 2: (olor online) Energy of a trapped unitary gas is
plotted as a funtion of temperature (thik solid line), and
ompared to experimental data (open irles with error bars).
The omparison with respet to the predition of an ideal
Fermi gas (dashed line) is also shown. The thin solid line is
an empirial power law t to the measured energies [8℄, i.e.,
E(T ) = E0[1 + 97.3(T/TF )
3.73] for T < Tc ≃ 0.27TF , and
E(T ) = E0[1 + 4.98(T/TF )
1.43] above Tc. Here E0 is the
energy at zero temperature and Tc = 0.27TF is the experi-
mentally extrated superuid transition temperature [8℄.
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Figure 3: (olor online) Spei heat CV = dE/dT of a
trapped unitary gas as a funtion of temperature. For om-
parison, the preditions of an ideal Fermi gas (dashed line)
and of an ideal Bose gas with number of partiles NB = N/2
(dot-dashed line) [27℄, together with the experimental ex-
trated spei heat (line with open irles) are also pre-
sented. It should be noted that a preise determination of
the spei heat from experimental data of energies is not
permissible. The experimental spei heat shown here is
alulated from the empirial power law t to the measured
energies, whih is outlined in Fig. 2. The resulting sharp
jump at Tc is thereby possibly an artifat of the t. We note
also that the abrupt disontinuity in the spei heat of an
ideal trapped Bose gas at Tc will be rounded o quikly with
inlusions of boson-boson interations, see, for exmaple, the
Fig. 3 in Ref. [28℄.
for all the temperatures onsidered. This is suggestive of
the strongly-orrelated nature of unitary gases, and is in
sharp ontrast to the predition of mean-eld rossover
theories by Chen et al. [8, 22℄.
IV. ISENTROPIC THERMOMETRY FOR
TRAPPED UNITARY GAS
A quantitative omparison between our theoretial re-
sults and experimental ndings is prohibited, as urrent
estimates of strongly-interating Fermi gas temperatures
are based on empirial thermometry through density pro-
le measurements, whih are strongly dependent on the
model used, but relatively insensitive to the atual tem-
perature [31℄. A better thermometry would be obtained
by an adiabati onversion of the unitary gas to the deep
BEC limit, and a onsequent measurement of BEC tem-
perature T ′ of a resulting Bose gas [24℄. Suh tehniques
have been used in reent experiments for temperature es-
timates [2, 6℄, but the onversion between T ′ and the uni-
tary temperature T remains unknown. Below we quan-
tify this important relation using the isentropi ondition
S′(T ′) = S(T ).
To be onrete, we onsider a gas of 2× 105 6Li atoms
with a potential ωr = 1555 Hz and ωz = 127 Hz, aord-
ing to the typial setup [2℄. Assuming that the gas is
swept to a eld of B = 676 G [2℄, we nd 1/kFa ≃ 4.9.
Thus, the system after sweep an be well desribed by
a weakly-interating Bose gas with moleular satter-
ing length am = 0.6a. The entropy S
′(T ′), alulated
within the Hartree-Fok-Bogoliubov-Popov theory [32℄,
has been ompared with the unitary entropy S(T ) in Fig.
(4a). This alibrates the unitary temperature, given in
Fig. (4b). Aordingly, the equation of state an also
be determined in terms of the BEC temperature T ′, as
shown in Fig. (4). It is worth notiing that this kind
of thermometry should be very aurate, thanks to the
demonstrated prefet adiabati sweep of magneti elds
[2℄ and a preise determination of BEC temperature [33℄.
V. SUMMARY
In the present paper we have studied the equation of
state of a trapped unitary gas with a perturbation theory
that inludes utuations beyond the mean-eld. Our in-
vestigations, in ontrast to mean-eld theory [11, 12, 22℄,
are in exellent agreement with Monte Carlo simulations
below threshold, although there are still unertainties of
order 10% around threshold. We nd a qualitative agree-
ment between our theoretial preditions and the exper-
imental ndings. A fully quantitative omparison is not
yet possible, as the experimental temperatures are not
diretly determined. We reah the onlusion that the
empirial thermometry adopted in the experiment an be
improved by using adiabati sweeps at onstant entropy
to the weakly interating moleular superuid regime.
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Figure 4: (olor online) (a) The temperature as a funtion
of entropy in the unitary limit (solid line) and in the deep
BEC limit of 1/kF a ≃ 4.9 (dashed line), with Tc = 0.518TF .
At low temperature, our alulated BEC entropy satises the
saling law for a weakly-interating Bose gas [32℄: S′(T ′) ∝
(T ′)
5/2
. (b) Calibration urve of unitary temperature versus
weakly interating Bose gas temperature. () Unitary energy
as a funtion of BEC temperature T ′.
The equation of state based on this type of thermometry
has been predited, allowing for experimental tests.
We emphasize that while our NSR result for the equa-
tion of state is very aurate at both low and high temper-
atures, its auray around the ritial temperature Tc re-
quires a further improvement beyond T-matrix approxi-
mation. In terms of funtional-integral methods [14℄, our
NSR approah an be identied as a Gaussian expan-
sion of the ation of Cooper-pairs about the saddle point
(mean-eld solution). Therefore, a systemmati rene-
ment of equation of state around Tc might be ahieved
by expanding the ation to fourth or higher order about
the saddle point. We will address this issue in a later
publiation.
Our alulated equation of state an be used to pre-
dit other observables of experimental interest, suh as
the rst sound and seond sound veloities of trapped
unitary Fermi gases at nite temperature [34, 35℄, whih
soon may be measured. These sound modes, partiu-
larly the seond sound, may provide us more aurate
details about the equation of state in the unitary limit,
and therefore disriminate various approximations that
we have marked. This extension is under investigation
and will be reported elsewhere.
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